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Suppose we are given these data points from two different classes and want to
find a linear classifier that separates them.
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(2) (3pts) Hard SVM is run on each of the following training sets. Which (if any) of the training sets B-E will

end up with the same decision boundary as training set A7 Circle all that apply.
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(b) Which (if any) of the decision boundaries could be returned after optimizing the hard SVM objective

(with a bias parameter) on this dataset? Mark all that apply.



46. |1 points| Suppose you are given a binary labelled data set that is linearly separable. Using 1\}0 }’\@9 QL SUN&
an SVM, you find a hyperplane H that separates the labels with maximum margin ~. Is it / i \Uj%fg
possible that there is another hyperplane, different from H, that also separates the labels (s 4

with the same margin ~7 . . [Q}M—‘
e pnigue 4k LinesShg <

ORGC

(b) No &ce}ﬂ\ ‘;Q = SDW'{?’"

Consider the dataset with six datapoints: {(xy,¥).(x3,¥2),.... (X6, ¥¢)}. 24
[ K R i R e

hainansdlioe: Panlt 1| i Ry (7 LA Il Y e e WY L S - A E
and the labels are given by ¥, =¥, =Y¥s=1l,and y3 =¥, = ¥¢ = —1. A hard
margin lnear support vector machme 8 tramed on the above dataset. -
Which ONE of the following sets 1s a possible set of support vectors?
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X4 X5}
{Xq,X2,X3, X4} \/
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e
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45. (3 points| Consider a binary classification problem in a 2-dimensional instance space X = R*.
You are given a linearly separable training set. You run the hard-margin SVM algorithm and
obtain the separating hyperplane below (support vectors are circled): !

gumuing, ,S“{‘N vede> W

J\m% e  Solwhion

What is the smallest number of data points that would have to be removed from the training
set in order for the SVM solution to change?

(a) 1
(b) 2
(¢) 3
(d) 4

3. SVMs. Consider the 2D datasets shown in the figure below. We want to classify the
red circles and the black crosses using SVMs

| \ _ a5
A - L I/GL

(G)
3 LA 5} (b) Let’s first consider using a linear hard-margin SVM. .. p,‘_ F_ {2 E‘
i. (3 points) What's the learned decision boundary? W
24 »e (B {E)-%
Solution: y =

® x(C) { -,)

ii. (2 points) Select all points that are support vectors.
x x (D) : v H

OA OB OC OD OE OF OG 0O

(g) [3 pts] If a hard-margin support vector machine tries to minimize lw|* subject to y;(X; - w + @) > 2 instead, what will be
the width of the slab (the point-free region bracketing the decision boundary)?

o O & Rl \W—Lia%i-
(
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(b) Recall the hard-margin SVM objective:
1

minimize §||w||§

s.t. yi(wiz; +b) > 1Vi

The constraints says that the (functional) margin of each example is at least 1. If
we change the constraint to require the margin to be at least ¢ (¢ > 0), i.e. solving

minimize %llwllg
s.t. yi(w'z; +b) > cVi ¢ gaﬂﬂﬁ_
\ o1\ 1S
: e plienseh
*’

1. (3 points) Would it change the separating hyperplane?” Why or why not? . ~
(3 points) g p g hyperp y \ D)( "[lw'-f‘: Sﬁﬂ]fﬂlﬁ
w p—— lII___________,_,..---
.~

ii. (3 points) Let w* be the solution of the original hard-margin SVM, and w’ be
the solution of the modified problem with margin at least ¢. Write an expression © g D '8 " (wfr;(n 'G'['?) = \
of w' using w*. U) = .SC"“'L'

T ot = onssllal — y(Fa 2 &

¢ iy hose. 1 poinls un dlabasel (=00 2 & Sufett ekt dhan W heke i« Pre_
Mmoot 1o - M ek pos il byt aold»‘haq [4b o F;Im@*
por> por +
/) of LT,

~New O3

X) Dﬁ?’nqo\ DE

|
Suppose an SVM has w = | 2 | and b = —1. What is the actual distance between the
3

two planes defined by w'z +b=—-land w'z+b =17 > &_
llwi]
?#,\) ..._a\ o SN
(A) ﬁ (B) ﬁ (C) ¥ (D) V11 (E) none of the above I+ & l 14
/___,_.-———_‘-____
An SVM is trained with a linear kernel to do hard margin classification, i.e. the slack
variables are not used, no misclassifications are allowed and the formulation is simply
min ;IIWII? What are support vectors:
subject to ¥ - (W' x;) > 1,Vi. O The examples farthest from the decision boundary.
We know the support vectors and the margins after the training. Now, we introduce a @/r.he only examples necessary to compute f(x) in an SVM.
new data point and retrain. Select the correct statements: —_—

(2] The margin will never change if the new data point is on the correct side of the original O The class centroids.

decision boundary and inside the margin.

@Al the examples that have a non-zero weight oy in a SVM.
(J The margin will not change if the new data point is on the correct side of the original :
decision boundary and outside of the margin.

] The margin will change if the new data point is in between the original margin regard-
less of its positioning with respect to the decision boundary.

[} The margins will not change if the new data point is within the original margin and

on the correct side of the original decision boundary.

L] The number of support vectors will not change regardless of the position of the new
data point.
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subject to y(i)(wa(i) +b) >1
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cffed 7

2
@ C dictates which term (@ or CZil ¢n) will dominate the minimization

2 . "
@ Small C = w dominates = prefer large margins

@ .. but allow potentially large # of misclassified training examples

o Large C = CZ:LI &, dominates = prefer small # of misclassified examples
@ .. at the expense of having a small margin

5. Suppose we have a soft-margin SVM for which w = (—6, 3) and b = 5. Consider the example
(X o (2: 1)1y — _1)

(a) How does the SVM classify x? W(r)(’f"b P 5 = -'lf'

Qe Gy clesity
.

T < -l = %=0

‘b) Does (x,vy) satisfy the SVM constraint? (Answer Yes or No.) Ld

Smaller C Larger C

Hard Margin



. ) SUM

In the context of Slack Soft Margin SVM (Support Vector Machine), which of the following ¢ ’TIF’ y 36 WQ, QA’J’I ﬂ’ﬂd‘ g}ﬂ
expressions can describe the slack variable &;? (This is a Multiple-Select Question (MSQ).) _ : ane_

_ T walhple Jmes e will 90t S

1 -y (Wwix;+b) ify; (wix;+b) <1 b .

A) §i = { : T ] _Cc.ﬁ?ﬁ&d L“-"‘P

0 ify;, (w'x; +b) > 1 Eamdqﬂ? M CQ‘DM
) = min (0, (w'x; +5) 1 U by scolled suk

A
wh b vl e

| - Tale
C) & = max (0, y; (W' + b)) a.(w‘fx;—w) . ot e SV Wil Jle en dne-

<\ Wd% 6,40,4/—6‘1’1@ — |

D) £; = max (1 — Y; (wa,- - b) .0)

Consider the soft SVM objective below: () [3 pts] In a soft-margin support vector machine, if we increase C, which of the following are likely to happen?
1 ‘ N (O The margin will grow wider (2" Most nonzero slack variables will shrink
Minimise: |lwl||5 + C Z 3
2 " (O There will be more points inside the margin @) The norm |w| will grow larger
Subject to:
yi (W-X; +wy) > 1§
{:’ f 0

(a) [3 pt.] If the data is linearly separable, SVM minimizes ||w||? subject to the constraints

Vi,y;w-x; > 1. In the linearly separable case, which of the following may happen to the
decision boundary if one of the training samples is removed? Circle all that apply.

e

Which of the following statements is true?

A) Larger C tends to hard margin. e Shifts toward the point removed

e Shifts away from the point removed
B) Smaller C' tends to hard margin. /,:‘ Does not change

(b) [4 pts] Which of the following changes would commonly cause an SVM’s margin 1/||w|| to shrink?

O~7A: Soft margin SVM: increasing the value of C O C: Soft margin SVM: decreasing the value of C
@ B: Hard margin SVM: adding a sample point that (O D: Hard margin SVM: adding a new feature to
violates the margin each sample point

Let &, », denote the slack of
the point located at
Z = (x1,x2)-

1. The example definitely IS a support vector. -
2. The example definitely IS NOT a support vector.

3. We cannot determine from the complementary slackness conditions whether or
not the example is a support vector.

For each of the following
questions below, fill in the
blanks with the best choice
from =, > or <:
0 2
§2,4) — §(2,0)
0 &-11) —§(-1,-2)©
52 ¥ E(-31) — §(-1,250 ¢| oL
o'

s §24) —§(-1,-2)
) AV

For each of the following training points, select the ONE best option from the
possibilities above:
i. (1 point) Example at (2,4) O 1 &2 03
ii. (1 point) Example at (1,1) O 1 02 &3
iii. (1 point) Example at (2,0) 1 02 0O 3

Consider a Support Vector Machine (SVM) with decision boundary w’x+b=0 for a three-
dimensional feature space, where ‘ standards for vector transpose. The weight vector is w=(1 2
3)’, and b=4.
a. Which of the following points will be classified incorrectly by this SVM? - &
oz [;
3.

i. %=(000),y,=-1(minus one)
ii. %=(-1-1-1), y,=1 (plus one)
ii. X3=(-3.99 -3 2)’, y;= 1 (plus one)
b. What would have been the slack variables ¢; for the three points above, if they were in
the training set? Assume w and b do not change. Hint: the constraints are y; (w’xi +

b) >1-§
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Suppose we have a soft-margin SVM for which w = (—6,3) and b = 5. Consider the example

(x=(2,1),y = —1). - = 1 71 = w[[{isﬂ' _ Q
|
(a) How does the SVM classify x? WX 30 I I &
<© 5 g, =0 —_..-MKLDJ"@ = May (o, —3) = C%
(b) Does (x,y) satisfy the SVM constraint? (Answer Yes or No.)

]q;'nj,t g =0

(c) What is the hinge loss associated with (x,y)?
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SVM: Hinge Loss

LR: Logistic Loss
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» Linear Regression: /.\ \n addjh'm "Bdﬂslﬁn %
» No major hyperparameters. WMQ__
> In SGD—baseci Learning rate..\ D Di‘FEL cfb Pﬂ’/n
» Ridge_.Regression: : du_;giaﬂ A‘QUL
'@ Regularization strength. '9 DE{M‘ u)
» Logistic Regression: WS AN NNL
» In SGD-based: Fearning rate. i % ﬂ n i D
» K-Nearest Neighbors (KNN): 9 Wﬂ ?\Q"Q, V) an
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(2) (2 points) Your friend needs help selecting between two linear regression models, desiring the one that gen-

eralizes best. Which model should they use? (Circle your answer and provide a short justification.)

Model 1 \/ )
Training MSE: 100, Validation MSE: 105 Vﬂ)';old)ﬂm

p sl

Model 2
Training MSE: 50, Validation MSE: 110

e

s M
J:?w 2

Soml dan F g2

fest = i

14. What is cross-validation not used for?

(a) To evaluate the performance of a machine learning model on unseen data.

(b) To select a model’s hyperparameters.

(¢) To determine the generalization of a machine learning model.

(d) To train multiple machine learning models on different datasets.



(ii) The model has a very high validation error What are the advantages of k-fold cross validation relative to

(O A. We should increase A (a) Validation set approach
() B. We should decrease A
_~A_) C. Not enough information

Solution. The estimate of the test error rate can be highly variable depending on which

observations are included in the training and validation sets.
O

Solution: A high validation error could either mean our model is overfitting and too

: o : b) L t lidati LOOCV
complex or underfitting and not complex enough. Based on this information alone, L i b it )

we cannot determine which of these two situations is occurring and, therefore, do Solution. LOOCYV is a special case of k-fold cross-validation with £ = n. Thus, LOOCV
not know how to adjust A is the most computationally intense method since the model must be fit n times.
- ‘-_-_.-l- 'ﬂ.—-_- T —
O

In n-fold cross-validation, each data point belongs to exactly one test fold, which makes the test :

folds independent. However, if the data in test folds 72 and 7 are independent, are the error g\}ﬁf\ W
estimates e; and €; on test folds 2 and j also independent? M -
\olidakim ot
A. True, because each test fold contains different data points. W G,QL dw W

/B./ False, because data points can appear in multiple training sets, making error estimates /} ﬂmﬂ/‘ na"

dependent. . .
i | Cite. CalL. dodr Pon— O{lfﬂg
C. True, because error estimates are calculated separately for each fold. .
i owlipe Poining - qolad

% SOLUTION: False. Since a data point appears in multiple folds the training sets
are dependent and thus test fold error estimates are dependent. .
p——— I — v

(¢) [3 pts] You train a linear classifier on 10,000 training points and discover that the training accuracy is only 67%. Which k& 5 G{a‘t&_ M f{{— kﬂ-’n‘nﬁ M aﬁf

of the following, done in isolation, has a good chance of improving your training accuracy? _— N
]:_)Q,,. Nee

@/Add novel features O Use linear regression . A i
rain on more data rain on less data WE’ Mﬁk MU A a/j ) )
OT d b rain on less da VBV’Z, dﬂﬂj‘ ol er 5&’1#”7’ SR qoﬁllsﬁ?. mede_

(2.0 pt) Let’s say we pick three hyperparameters to tune with cross-validation. We have 5 candidate values Lf Y5 * 6 X /I = g LP D
for hyperparameter 1, 6 candidate values for hyperparameter 2, and 7 candidate values for hyperparameter

3. We perform 4-fold cross validation to find the optimal combination of hyperparameters, across all

possible combinations.

In this cross-validation process, how many random forests will we train? Your answer can be left as a
product of multiple integers, e.g. “1 * 2 * 3", or simplified to a single integer, e.g. “6”. (These are not the
correct answers to the problem).

— an = Nuevalue
. . . . \ 'n M el 9 1S hIL
v. (1 point) Suppose we use leave-one-out cross validation meaning we use 7-fold S j 1> whele ¥o U
cross validation with a split of 6 to 1 between training set and validating set. | %n =+ 40 Pa@u thed value @
Compute the average classification error over the 7-folds. | — n Mﬂ;n% wjo % F o
S 1 - ' L misclasied
- 34 1 \/ =
\ ) 7 . ﬂ% Lope/ 2 =
AN "
J(.v\m & Wral 4 & v

(20) Assume we have a data matrix X. Which of the following is a true statement when comparing leave-one-out
cross validation (LOOCV) error with the true error?

(A) LOOCV error is typically a slight underestimation of the true error of a model trained on X.
(B) LOOCV error is typically a slight overestimation of the true error of a model trained on X.
(C) LOOCV error is an unbiased estimator of the true error of a model trained on X.

Solution:

The solution is (B)




5. Suppose we have a design matrix X comprising of n observations, d features, and an additional
intercept term. We decide to use X to create, tune, and evaluate a regularized linear regression
model with two regularization hyperparameters, A; and A,. We have 1 different choices for A,
and j different choices for A,, so there are 1 - j possible combinations of A, and A,.

We set aside 20% of our data to use as a test set and perform k-fold cross-validation to tune
our hyperparameters. We compute the cross-validation error of each of the i - j possible com-
binations of A; and A, values, and our goal is to find the combination of values with the low-
est cross-validation error. All following answers should be expressed in terms of 7, j, n, d, k,
and/or constants only (except for part c).

(a) [2 Pts] For a single combination of hyperparameter values, how many model parameters
do we fit?

IF?R & Single. combpinakon foln 14 e dr £ folds Deah fpld Hains on niet
MFGRMH = 4;):6&}'&& -!'I({D\W) = d—l—l#dﬁ L@u# c’___,.--!'!bk

(b) [2 Pts] How many observations are in the validation set of each fold?

[N

(c) [2 Pts] How many model parameters do we calculate in total? Your answer can be in
terms of A, your answer to part a.

A
e do s B & GpY@0k \
35. Extra credit: Consider a nearest neighbor classifier that chooses the label for a test ASSM“?

point to be the label of its nearest neighboring training example. What is its leave-one- N :L

out cross-validated error for the data in the following figure? (“+4” and “—" indicate = , (ﬁﬂ ?

labels of the points). D WW@

*
— —
[ N Wit =l

2
+ & O —

- 7

(g) [4 pts] You are training a soft-margin SVM on a binary classification problem. You find that your model’s training
accuracy is very high, while your validation accuracy is very low. Which of the following are likely to improve your
model’s performance on the validation data?

13. Why is it important to use a different test set to evaluate the final performance of the

model, rather than the validation set used during model selection? Q/;ﬂh: Training your model on more data. O C: Increasing the hyperparameter C.
. e B: Adding a quadratic feature to each sample
@ The model may have overfit to the validation set Eﬂiﬂl_ o 3 @/ﬁ: T R —
@ The test set is a better representation of new, unseen data
@ Both a and b
@ None of the above
Correct answers: (c)
Which of the following statement(s) js(a_re) true for k-NN? What is the leave-one-out cross-validation error estimate for maximum margin separation

in the following figure ? (we are asking for a number)
[J k represents the number of classes. )

Xq

X The final outcome of the algorithm may change with the distance measure. x
™ CrossValidation can be used to find the optimal k.

[J As k increases, we overfit the data eventually. S,

[2 points] Suppose you have picked the parameter @ for a model using e '
10-fold cross validation. The best way to pick a final model to use and
estimate its error is to

ol

(a) pick any of the 10 models you built for your model; use its error Answer: 0
estimate on the held-out data Based on the figure we can see that removing any single point would not chance the resulting maximum
margin separator. Since all the points are initially classified correctly, the leave-one-out error is zero.

(b) pick any of the 10 models you built for your model; use the aver-
age CV error for the 10 models as its error estimate

(c) average all of the 10 models you got; use the average CV error as
its error estimate

(d) average all of the 10 models you got; use the error the combined
model gives on the full training set

train a new model on the full data set, using the # you found; use
the average CV error as its error estimate

_J
(a) (1.0 pt) The test set is divided into k folds. For each fold of the test set, we use the entire training set to (b) (1.0 pt) We use normal k-fold cross-validation, but for each fold we only use half of the validation set for
train the model, and use the given fold /subset of the test set for validation. The average error among all k validation.
folds is the cross-validation error. True or False: This modification will result in overfitting.
True or False: This modification will result in overfitting. _ O True :
MI‘]‘HE i LAFalse : Al bina - e k o {hz
i b D yalidaling, o0 desk seb 01049 ) Model 0¥Xs
O Falee St g ekl o 1 [Rraning. dode- | Nowedd \ b el
ol O ledins, bt . ! . . i) ol
= - = . o | N 1 | . 1 o ko o ol - UL |
(c) (1.0 pt) We use normal k-fold cross-validation, but for each fold we use the entire training set for training. v Vs mekd g Junedl  leshed of 92 P_, ) luning, become
. : ’ : . : ik | b owen 4B hypdptamedes TR R
True or False: This modification will result in overfitting. ey See. the-  qest da, BNV 0" 7 oidmane D1 wired ot -
o haw o Way 4 evalugle de- PERTT . _ }
M‘t‘l]ﬂ f:..” -. II“. L_ 1 ,-_.:. Ipngeh o wAbin e, eshmak s » L, -'.'f..-él o] g
O Faloe A !.:—I _:;“- | :..- .. I l-:r { z cnar Cr 4--.f.1.'.j,-}:’ vriahe o Mo JEns il lasah e -."{ b



How data leak leads to ovefitting. Model is not learning anything bad

like noise. It's just that on test validation will not be a good estimate.
Model should generalise just fine

You're absolutely right — this is a subtle but very important distinction. Let’s break it down carefully.

1. Classic overfitting (what most textbooks describe)

« Model capacity too high — fits noise in the training data.
» Qutcome:

 Trainingerror=0

« Test error much higher

« (Cause: model is memorizing, not generalizing.

2. Data leakage scenario (your case)

« Here the model is not necessarily fitting noise.

» |Instead, the evaluation procedure is flawed:
« |f validation/test data are leaked into training, then the model has “seen” them.
« Reported validation/test error looks artificially low.

» But on truly unseen data, error is higher.

So the model itself might generalize just fine if trained properly — but because the evaluation is biased, we

think the model is better than it really is.

Why we still call it “overfitting to the test set”

Even though the model isn't memorizing random noise:

« The model selection process is indirectly tuned to the leaked test set.
« Over many iterations (e.g. choosing hyperparameters based on leaked validation/test), the final chosen
model becomes tailored to that dataset’s quirks.

» |t might not be noise, but it's still dataset-specific information that doesn’t generalize.

So the terminology “overfitting” is used in a broader sense:
& Either the model learns noise (classic case),

& Or the evaluation leaks cause us to optimize for the wrong target (biased test estimate).

£]1 The Key Difference

« Classic overfitting: model truly generalizes poorly.
« Data leakage “overfitting”: model may generalize fine in principle, but we no longer know for sure

because our performance estimate is overly optimistic.

¥ So you're right: in data leakage, the model itself isn’t necessarily worse. The problem is that our measure
of generalization is broken — so we might deploy a model thinking it's great, only to find it fails on truly

unseen data.



Mark all the statements that are true, about cross-validation.

0
U

Increasing k in k-fold cross validation decreases the bias of the model.

We use cross validation because it is less computationally intensive than regular
validation.

We use cross validation over regular validation because cross validation allows us
to use the entire training data set to test the model

Cross-validation cannot be used in production, as the model is cheating by looking
at validation samples.

EFFECT OF K N k- FoLOD VALDATiIoN

¢ 1.Smallk (eg. k =2,k =15)

« Training size per fold is smaller — model trained on less data.

« This tends to overestimate error (model looks worse than it really is).

- Higher bias, lower variance (since folds are more different, averaging smooths out fluctuations).

¢ 2. Largek (e.g. Kk = 10, kK = n,i.e. LOOCV)

« Training size per fold is almost the full dataset — model trained on nearly all data.

« This tends to underestimate error (model looks better than it really is).

- Lower bias, higher variance (because folds are very similar, so error estimate depends heavily on a

few points).

# 3. Extreme Case: LOOCV (Leave-One-Out Cross-Validation, £ = n)

Train on n — 1 points, validate on 1 point.

Repeated n times.

Bias: minimal (you almost always train on the full dataset).

Variance: very high (error estimate depends on each single point — if a point is an outlier, error spikes)

# 4. Practical Choice

« k = 5ork = 10 is commonly chosen.

« This gives a good balance:

« Bias is not too high,
- Variance is not too high,

« Computation is reasonable.

Consider a scenario where we use leave-one-out cross-validation (LOOCV) with Support Vector
Machines (SVM) for binary classification. Given a dataset D =
{(x1,11), (X2,%2), ..., (XN, Yn)} the cross-validation error for a sample (X, ¥, ) is defined

as.

1 if yn # yn

e?? - -
0 otherwise

where y,, is the predicted label for x,, based on the model trained without the sample x,,. The

overall cross-validation error is given by:

1 N
E(’V — N Z €n
s W

Which of the following statements is true regarding the relationship between the overall cross-

validation error E¢y and the number of support vectors K ?
A.Ecy >
B. Ecy = 8

C. Ecy <

23

D. Ecv is independent of K
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Consider the following ground truth of 10 test examples. %ﬂgmﬂ = -E;-' / P |

Normal Pneumonia

e HENNEEEER

Calculate the precision and recall of the
Pneumonia class for all the given models. Z
-7
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(20 points) Each of the following scenarios describes the result of some (made up) clas-

sifier: there is a list of the correct labels, and the corresponding predictions. For each of

the following situations, compute accuracy, recall, precision, and F score. You may verify

your answers with code, but you must show work, or some intermediate steps, to receive full 3 / 5
credit on this problem. w T

JON = ‘3[ L{ /
(a) A binary classification result, where the correct labels are 5 / g ) ?QM@
? fwd b= =7

(T, T, F, T, F, T, F, T] and the predicted labels are

(T, ¥, T, T, F, F, F, T].Assume T means “true” (the desired class) and F
(“false™) is the “default” class. Compute accuracy, and compute recall, precision, and
F1 for T.

(b) A binary classification result, where the correct labels are 5 % ' PQM > 'm
(T, ¥, ¥, F, ¥, F, F, T] and the predicted labels are wﬂm/}/'f? /
[F, T, F, F, F, F, F, F].Assume T means “true” (the desired class) and F P’
(“false™) is the “default” class. Compute accuracy, and compute recall, precision, and
F1 for T.
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> Posihve Y

Actual @ Predicted

Class | Class Actual class
Posi;ive Negative (0) Vp/ﬂﬁ, - Z/ UW{RM WM
Predicted (1) — :?m_‘;fm = S
class Positive (1) 2 ( 57
Negative (0) ) R@m}ﬂ = 3/&,0
Tl | (8)] & |10

Prosision = Recall = False PDslHVe /\&fg_\ Mgaﬁ:l/&
RpraM 7 Pleusion = Fale ﬂeéahve-Q% <o P

Peed ded_
Given the following information about a classifier's performance on a dataset of 12 pictures (8 | ——= — —
cats and 4 dogs), where cats belong to class 1 and dogs belong to class 0: Adua,f A~ & 2 B
e Actual labels: -
B
actual = [1,1,1,1,1,1,1,1,0,0,0, O]

* Predicted Iabels:ﬂ.i v V‘/v//‘/ /./ﬁ
prediction = [0,0,1,1,1,1,1,1,0,0,0,1]

Using this data, can you construct the confusion matrix to summarize the classifier's results?

decision boundary

negative positive TP+FP

45 5428 da&ﬁi&% whieh - lakel M%]y’ f [ﬁ (prsides o AOTSS.;‘SJQ/Q which  Aabelx ave%éhn'rﬁa.
2, b}dﬂﬁ — |
Pruaision = ~p

O -
Rectll = =




Performance Metrics

® Four Metrics

TP+ TN -
A S TP INCER AN ““i&‘iiiﬁféﬁ;ﬁ';’?ﬁﬁﬁ e
TP
» Precision = TP + FP The percentage of the real spams in the classified spams
» Recall = s The percentage of the truly classified spams in the real spams
TP + FN g v y P a3
» F1Score= 7 # Precision * Recall
Precision + Recall
Pledichion B 5 | ,? o) = 2. = /;'l
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= /A controls the balance:
s 3 = l:recall is given more weight.
» 3 < 1:precision is given more weight.
« [ = 1: equal weight.
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Sara can't believe everyone she knows only decided to watch one of Barbie or Oppenheimer. She
collects data and gives each person a label of y; = 1 if a person watched Barbie, and y; = 0 if a
person watched Oppenheimer. Assume that everybody in the dataset only watched one of the

movies.

Suppose Sara believes that wrongly predicting Barbie is worse than wrongly predicting

Oppenheimer.
Which evaluation metric is the BEST option to maximize in this scenario?
(O A. Accuracy
(J B. Precision
(O C. True Positive Rate R e a‘"a Q
(O D. False Positive Rate o
Which quantity should she aim to minimize?
(O A. True Positives
()" B. False Positives
(O C. True Negatives
(O D. False Negatives

goo?

JES ton
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(i) (1 point) ( T / F ) In any binary classification problem, it is always possible to 7\) A aﬁ
create a classifier that achieves a FPR of 0 by classifying every instance as positive.

positive _ negative
e true positives | false positives | (yo Rale_
positive (TP) POSIUv (FP) .;____> DE’;{{'IW{ 41 o1 % fTQ“Q ?031
predicted L b Yode
class eqative| | false negatives| true negatives % False. 'PD5' e
v (FN) (TN)
. TP TP
true positive rate (recall)| = =
" actual pos TP + FN
”» FP FP
false positive rate = =
actual neg TN+ FP
_ e Sate-
Predicted: NO | Predicted: YES 100 £0
Actual: NO 50 10 ?mgm."::- D ‘jfwﬁ'ahd/? __65___;3
Actual: YES 5 100
pmbey = 120
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@ In the context of binary classification, if we continuously decrease the classifier threshold, how do the
A /Q? ~ True Positive Rate (TPR) and False Positive Rate (FPR) behave?

/«Q" {_‘

) - A) TPR increases while FPR decreases
," B) TPR decreases while FPR increases
ﬂ; 0 . C) Both TPR and FPR increase
- D) Both TPR and FPR decrease

- Point A is where the Sensitivity is the highest | » Although Point B has the same Sensitivity as Point
A, it has a higher Specificity.

© This means all the Positive class points are . Mta:aniqg the number of incorrectly N_egative class
classified correctly and all the Negative class points points is lower compared to the previous threshold.

are classified incorrectly. * This indicates that this threshold is better than the
previous one. = —

-

B A * Between points C and D, the Sensitivity at point Cis
higher than point D

C * This means, for the same number of incorrectly
classified Negative class points, the classifier
L predicted a higher number of Positive class points.

* Therefore, the threshold at point C is better than

* Now, depending on how many incorrectly classified
points we want to tolerate for our classifier, we woul
choose between point B or C for predicting whether

> you can defeat me in PUBG or not.

True Positive Rate

False Positive Rate
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(b) (2 points) Fill in the blanks below and explain your answer.

Among the points A, B, and C, is strictly better than



E lpf S V Dl K \(;\N C/B Under-fitting Optimal-fitting Over-fitting

RHegression

1. Bias and Variance: Core Idea

« Bias = Error from wrong assumptions in the learning algorithm.
« High bias — underfitting (model too simple, ignores data complexity).
« Example: fitting a straight line to quadratic data. Classification

« Variance = Error from sensitivity to training data fluctuations.

« High variance — overfitting (model too complex, learns noise).
« Example: fitting a high-degree polynomial to noisy data.
« Generalization Error = Test error = Bias? + Variance + lrreducible Noise.

« |rreducible noise comes from randomness in data — cannot be removed.

%mqheqhm YR = ok U8 — )Q{og + Valione + iffedwable pye,
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This error doesn’t go away no

* Model too simple: does |~ matter how much data we havel

not fit the data well g - ( O cr'l) ‘
— A biased solution | 7 | //r\ &= N / %L _ .c()lv)—‘}‘ =)

(s ]

* Model too complex: smalll N . Variance E(é> VG_Q (%I) _ \)‘0‘2 CP@B‘L E;B

changes to the data, . Y/ \ Regardless of what the true function is, how VQB C€> — dﬁ
i ! —

solution changes 3 lot o/ \ N N9 much does our prediction change with dataset?
0 N\
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— A high-variance solution

- x &
5. Bias-Variance Trends of Models
2. Effects of More Data + Linear Regression (without regularization):
« High variance models benefit most — variance reduces, generalization improves. « Low variance, can have high bias if data is non-linear.

«» High bias models won't improve much (data can’t fix a fundamentally too-simple model). + Polynomial Regression (degree 1):
- Bias i, variance t with degree.
» k-Nearest Neighbors (kNN):

« Small k — low bias, high variance (overfits).

& More data reduces variance, not bias.

- Large k — high bias, low variance (underfits).

3. Effect of More Regularization + Decision Trees:

» Deep trees — low bias, high variance.

» Regularization (L1/Lasso, L2/Ridge, dropout, etc.) penalizes complexity. T A e T T

» Increases bias (simpler model, less flexible). T T e I

« Decreases variance (prevents overfitting). « Lower variance than single trees (averaging effect).

& Helps when variance is too high « Bias similar to deep trees (depends on depth).

« Naive Bayes:
- High bias (independence assumption), low variance.

+« SVM:
4. Effect of Cross Validation « With large margin (C small) = high bias, low variance.
« Used for model selection and hyperparameter tuning. « With small margin (C large) — low bias, high variance.

+« Neural Networks:
« Small/under-trained — high bias.

» Reduces variance in performance estimates (compared to a single split).

« Doesn't directly reduce bias/variance of the model, but helps you choose the best balance.
« Large/deep — low bias, but high variance if not regularized.



[1 Pt] Which of the following plots depicts models with the highest model variance?

(a) (b)
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Underfitting and Overfitting

Underfitting!

Test

Error
Error

Training
Error

Low Variance High Variance

Low Bias

High Bias

Low Variance P ty High Variance
:lu estion: PN ey :-:;; [1 points] What best defines the relationship between a model’s fit
f/ ' & 87 s | of* / and its bias and variance
» ) (o ©@3e) | ) ) aﬂﬁ#m
N AT \\ \&& ¢ /| ey (a) A model with low bias and high variance is unde%t
4 | ; ’ﬁ' d s (b) A model with high bias and high variance is underfitting
LD L C m. v. A (c) A model with low bias and low variance is underfitting
)

Figure 1: The following graphic will be used as a representation of bias and variance. Imagine that a true/correct
model is one that always predicts a location at the center of each target (being farther away from the center of the
target indicates that a model’s predictions are worse). We retrain a model multiple times, and make a prediction
with each trained model. For each of the targets, determine whether the bias and variance is low or high with

respect to the true model.

In Figure l,hnw are bias and variance related to the true model?

(A) High bias, High variance '_[3:
(B) High bias, Low variance '[]L
(C) Low bias, High variance jf/
(D) Low bias, Low variance I

(6 pts) Suppose you have regression data generated by a polynomial of degree 3. Characterize
the bias-variance of the estimates of the following models on the data with respect to the true

model by circling the appropriate entry.

o

Bias Variance
Linear regression low/high low/high
Polynomial regression with degree 3 | low/high low/high v
Polynomial regression with degree 10 | low/high low/high 74 :
A L

(1 point) Peanut wants to train a model to accurately classify different types of animals from
images. After training and testing his model, he observes that the model has high training error
and high test error. What can we most confidently say about the bias/variance characteristics

of Peanut’s model? M % Q{(YIP(‘?-"

A. High bias. |~ s ?,\ A&mm

B. Low bias.

C. High variance. ?‘
@ Low varance.

— Alp fwe i (2se o MR

model

(d) A model with high bias and low variance is underfitting v~

How will regularizing the weights in a linear regression model change the bias and variance (relative to the
same model with no regularization)?

(A) Increase bias, increase variance
(B) Increase bias, decrease variance / ' ﬁ t'(?ujq-ﬁicd"f‘m
(C) Decrease bias, increase variance

(D) Decrease bias, decrease variance *ly

62/10

2 points] Suppose we have a regularized linear regression model: argmin.,|Y —
Xw||3+A|jw||1. What is the effect of increasing A on bias and variance?

(a) Increases bias, increases variance

.AD) Increases bias, decreases variance

)

)
(c) Decreases bias, increases variance
(d) Decreases bias, decreases variance
)

(e) Not enough information to tell

[2 points] Suppose we have a regularized linear regression model: argmin,,||Y —
Xw||3 + ||w||p. What is the effect of increasing p on bias and variance
(p > 1) if the weights are all larger than 17

(a) Increases bias, increases variance

V{b Increases bias, decreases variance

)

)
(c) Decreases bias, increases variance
(d) Decreases bias, decreases variance
)

(e) Not enough information to tell




Which of the following can impact our model variance? Select all that apply.

The regularization coefficient A. — AV = Valiance

] The choice of features to include in our design matrix. > MPﬁgﬁ Jbe_am
(- The learning rate « in gradient descent. = &om‘d ex ynodel

= \Wg Vel s

[ The size of the training set. -, M&iﬁ&w{ﬂ%
N st 1
= [ £ W(,mjﬁ 2 eI’y

VAP ot

Which of the following are indications that you should regularize? Select all that apply.
oA, Our training loss is 0. ————

JE1 B. Our model bias is too high. l'mdjﬂw

I'C. Our model variance is too high. — [:B DDM‘[‘M

O'D. Our weights are too large. -——————*\ W\QM_'

hl [1 Pt] Parth now decides to use only the two most important features, X, and X, in the
dataset to predict weekly watch time. Given below is the scatterplot of the two feature val-
ues along a representative sample of the dataset. Recall Parth’s model was based on ridge
regression. From the plot below, how would the model bias be affected if Parth were to use a

LASSO regression model instead?

10

[1 Pt.] When conducting linear regression, adding polynomial features to your data often
decreases the variance of your fitted model. = ‘6‘?}’ i

‘ V¥ 5 o bads b bos cwmhj
1.

[1 Pt.] Suppose your data are an i.i.d. sample from a population. Then collecting a larger
- sample for use as a training set can help reduce variance. T R&

Vioze dada = Reduces \X a2

— TM...

o,
2 2 Suppose that we are trying to fit a linear and 10th degree polynomial to data coming from a cubic function, corrupted
e * e : fn@ by standard Gaussian noise. Let M, and M denote the models corresponding to the linear and 10 degree polynomial.
0 - * B . ,—% .
Then,

( £ i' (a) Bias(M;) < Bias(M2), Variance(M;) < Variance(M2).

g ~M‘ (b) Bias(M:) < Bias(M;), Variance(M;) > Variance(M-).

i \JQ/QA | AC) Bias(M:) > Bias(M2), Variance(M;) < Variance(M2).

T . > Ri . > ‘ ) ¢ c C

? T : r r r . 1 ' 3") M IF'J (d) Bias(M,) > Bias(M3), Variance(M;) > Variance(M23) TY e whksi
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number of training examples N increases? Assume the regularization parameter A is fixed.

!
| | T R - 7 does'nt alfat- the-
For ridge regression., how will the bias and variance in our estimate w change as the M[}M mﬂ} @:IK‘MP es

4 bias, T variance
same bias, | variance
same bias, T variance

@ J bias, | variance

same bias, same variance

D
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i
“7 N ” [1 Pt.] Suppose your data are an i.i.d. sample from a population. Then collecting a larger
¥ N sample for use as a training set can help reduce bias.

Solution: False. Increasing the dataset size without changing the modeling procedure
can often reduce variance but is unlikely to address bias.

Which of the following is most indicative of a model overfitting?

@ High bias, low variance

=
Low bias, high variance
Low bias. low variance

Ridge regression

reduces variance at the expense of bias

@ adds an [} penalty norm to the cost function ;

@ often sets many of the weights to 0 when the regularization parameter A is x-'cr}')q
large

@ is more sensitive to outliers than least squares

Consider a quintic (degree 5) model §§ = §o + G2 + ... +§s2°, where §; is the MSE parameter
estimate for feature j of this quintic model. You first fit this model to Training Set #1; then,
you fit this model again to Training Set #2.

Training Set #1 Training Set #2

100 { — Prediction, y 100 { — Prediction, y

B0 - B0
md
> >
40 - 40
m'{" 204 20
J 04— . , . , : 01— ; . . ' ;
25 50 75 100 125 150 25 5.0 7.5 10,0 125 15.0
X X

(i) The primary contributor to this model's risk is: (O High bias l{ﬂ-hgh variance
evri
(ii) This contributor to model risk can be addressed by the following (select all that apply):
Reducing model complexity
@ Adding additional features to the model

/= J”maﬁw?/ %g;dq?ﬂwf'@”

We obtain n data points (n 1s some large fixed integer) which have been generated from the
true model Y = f(z) + ¢, where ¢ is random noise (E[e] = 0, Var(e) = o?).

We fit linear models of ing complexity to our data, and plotted bias, variance, and
irreducible error below.

‘/ f’ Model Variance

\ (Model Bias)’ /

Irreducible error =

Model Complexity

(a) [1 ', Pts] Sketch the MSE on the above graph. Where does its minimum occur? Draw a
star on your MSE plot where the minimum occurs.




(a) [1 Y Pts] Sketch the MSE on the above graph. Where does its minimum occur? Draw a

star on your MSE plot where the minimum occurs. [3 pts] Recall the data model, y; = f(X;) + €, that justifies the least-squares cost function in regression. The statistical

assumptions of this model are, for all i,
(b) [1 Pt] Suppose we control the complexity of the linear models using a Ridge penalty term
A) 53_ Which of the following is true? () € comes from a Gaussian distribution. @) all € have the same mean

(O The left side of the graph represents small A.
(7 The right side of the graph represents small A.

(O all y; have the same mean (-all y; have the same variance

(c) [3 Pts] Which of the following can impact our model variance? Select all that apply.
[i” The regularization coefficient .
[d” The choice of features to include in our design matrix.
] The learning rate « in gradient descent.
[4" The size of the training set.

MSE = fios + Valioae &

In class, we showed that the expected squared error can be decomposed into several important terms:

(Y = f3(2))7] = 0® + (h(z) — E[f(2)))* +. [(E[f3(2)] — f3(2))7].
(a) [1.5 Pts] Which of the following de we treat as fixed? Select all that apply.
OA. 8
V[JB. o2
LAC. h(z)

(b) [1 Pt] By decreasing model complexity, we are able to decrease o”.

Your team would like to train a machine learning model in order to predict the next YouTube video : S S
that a user will click on based on m features for each of the previous d videos watched by that user. [3 Pts] Assuming a regularization penalty of the form AR(¢). Complete the following illus-

In other words, the total number of features is m x d. You’re not sure how many videos to consider. tration. Note that the x-axis is the regularization parameter A and not the model complexity.

[2 Pts] Your colleague generates the following plot, where the value d is on the x axis. However,

they forgot to label the y-axis.
5 v
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Which of the following could the y axis represent? Select all that apply. O (A) is the Test Error and (B) is the error due to (Bias)".

O A. Training Error | 0 pi mateR HW- af@(f M (O (A) is the error due to Model Variance and (B) is the Training Error

{JB. Validation Error ——> O (A) is the error due to Model Variance and (B) is the error due to (Bias)”.

O C. Bias . : .
OD. Variance \ '.Sh () (A) is the error due to (Bias)® and (B) is the error due to Model Variance.
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RIAS  VPRIRNCE DECOmPOSITION  OF MSE
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—’/— In class we broke the least-squares error into three separate terms: = h [ __;-{“\‘;. L & || o0 N f‘)'L__iT_L_BiJ_L_r_l_—_
PN 2 2 2 ¢ ! L
E [(y - fo(2))’] = E[(y - h(2))*] +E[(h(z) — fo(2))’] +E [(folz) — E[fo()])’] WL £ | Bing
Jd - . |
where y = h(x) + €, h(z) is the true model and ¢ is zero-mean noise. For each of the following 7 AR | SR d letim
terms, indicate its usual interpretation in the bias variance trade-off: > :| (4~ ik VAT _§ T
i L —_ ! ) - )
. E[(y — h(z))?]: A. Bias B. Variance ILC:) Noise | o T | o | /o o
- e\ = ¢ |

1
2. E [(h(z) - fg(.’l‘f))g]: A. Bias L. Variance C. Noise . g )‘1 -/
ﬁz:(fg(x)—E[fg(:c)])?}: A. Bias (B, Variance C. Noise g )

~ [3 Pts] Your manager hypothesizes that for a given novice player with z practice hours, their  [2 Pts] Ishani has a model with a model risk of 32, a model variance of 8, and an observa-
- scrimmage performance is g(z), where g is some unknown function you are trying to model.  tional variance of 3. Ishani adds mgge features to this model (without changing the number of
However, the observed performance is a random variable Y = g(z)+¢, where € is the player’s  data points) and sees the model risk decrease from 32 down to 17.

random, zero-mean performance error on scrimmage day. A model’s prediction Y (z) is also \L
a random variable because the parameter estimates depend on the training set (which your ~Which of the following are reasonable values for this newer model? Select all that apply.
manager assumes is a random sample of past novices’ scrimmage performances). [] A. Model Variance: 5, Observational Variance: 2
Match the following expressions to the appropriate terms: . Model Variance: 10, Observational Variance: 3
Model Risk (Model Bias)* Model Variance [J C. Model Variance: 15, Observational Variance: 2 - MmS E < E
i) Var(V(z)) O 0O o (0 D. Model Variance: 15, Observational Variance: 3 r -
= vere [ T\
~ 2 -~ -'/,'] .I 1" A g 3,
(“) (E[Y(I)] - g(I)) O ®f O 'f:"'lh."-":-' .f-\-'l!}-f"' a9 |/ I J"‘\f‘jﬁﬂ? II'li--f Illlli"'ll ﬂ/ll{j LLI;‘"L r:*i_# -,
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Solution: As we add more features to a model, we expect bias to decrease and variance
to increase. As a result, Option A is incorrect.

Additionally, we are not changing anything about the underlying dataset, so the obser-
vational variance should remain the same, eliminating Option C (and Option A again) as




Matthew decides to try a new method. He first comes up with a model h(z), which has a bias of
B and a variance of V' on the original dataset. Next, he builds a new model f(z) using this process:

1. Obtain n independent, random samples from the original dataset.
2. For each dataset, train a new version of h;(z) for each i from 1 to n, where h,(z) was the h(z)
model trained on the first dataset and h,,(z) was the h(z) model trained on the n'" dataset.
3. Finally, define f(z) as f(z) = 13" | hi(z).
[3 Pts] What is the model’s bias squared of the f(z) model in terms of B and n? Grading
will be done based on the work you show in the box below.

@ A. B* Important intuition (why this matters
v
O B 1 B?‘ = Averaging reduces variance, because independent fluctuations cancel.
o « Averaging does NOT reduce bias, because bias is a systematic error.
O ek ( g )2 = This is exactly why bagging helps high-variance models but not biased ones.
O D.n Bi’ For completeness (even though not asked):
v
Var(f) =
[3 Pts] Adrianne also gives Buck some population pa- "Score"

rameters for the "Score" column in reviews, dis-
played on the right. Let Y; denote the "Score™ value
of entry 7 in Buck’s sample, fori € {1,2,3,..., 100}.

' population mean | 7.1 |
population SD | 1.2

Assume the underlying data generating process for the "Score" column is a constant model:
Y = 0 + ¢, where # = 7.1 is a fixed population parameter and ¢ is a random noise with
expectation 0 and variance 1.44.

Buck uses the following model to fit his sample of Y;’s: Y =4.

1

Buck estimates 6 using the mean of the first 10 "Score" values: 0 = T 2321 ) £3

(a) What is his model bias ? Simplify your answer as much as possible.

(b) What is his model variance? Simplify your answer as much as possible.

((_‘,) What is his model risk? Simplify your answer as much as possible.
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We will analyze the model bias and variance of a simple linear regression model with no intercept
term, fy(x) = Oz. Note that = and @ are both 1-dimensional.

(a) [4 Pts] Suppose we estimate the values on the right using our

model f;(x) on the test data point (z,Y") = (2, 3). Quantity | Value
. . ) . E[f;(z)] 1

Calculate the model risk, assuming that there is no observational IE'.[(f(:r))E] 6

variance (i.e. € = (). Show your work. (Hint: Calculate the f?z 0

individual quantities that make up the model risk.)




(b) [4 Pts] Using a simple linear regression model without an intercept (i.e. fy(z) = 0z), we
estimate the model variance on a new datapoint (z,Y) = (3,12) as Var(f;(z)) = 3 using

some arbitrary model parameter 6.

7 Suppose we create a new model where 0., = 20. Calculate the new model variance,

- lr
=~

Var(fy, .. (x)) using 0,... Show your work.

Wopded Vatiane-  \or (d60) = 3
New m::?c?[.ﬂp_/ iﬁ?’m - QPW "~

Ja (Srek) = Vid( 209 =

—

pye8 (0 = 43712

(c) [2 Pts] Based on the models described in part (b), which of the following may be true? Note
that the bias of the new model is g(z) — E|[f,... ()], and the bias of the original model is

9(z) — E[f3(2)].
/" A. The new model bias is smaller than the original model bias.
[J B. The new model bias is larger than the original model bias.
[J C. The new model bias is the same as the original model bias.

[J D. The new model bias becomes undefined, but the original model
number.

N Bl = () — & E [£5{¥]
old Bios = GO — EJF (0]
Pa’WE Qﬁ{) r}%l@

a- a E[HQ)
& = ELJU’[@

bias 1s a real

2 points] Which of the following is TRUE about the bias-variance
decomposition of test error?

(a) Expected test error is equal to bias + var? + noise
>~ (b) Noise can be reduced by using regularization
./ (¢) Low variance corresponds to high complexity

.-(d) None of the above

(2 points| If we assume that the data is being generated from a source
with no noise y = w’ z, choosing a classifier f*(z) = w Tz using OLS

will make which of the following quantities zero? @
A¢) Both Bias and Variance ,, o \) _E_ ]
(d) None of the above , R
.
¥ —
fos = £)¢ o -FR =0
_ ¥
piima = £ (50~ F3)

(a) Only Bias
(b) Only Variance
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(2 pt) In the bias-variance decomposition, our model’s risk was defined as E[(Y — f;(z))?].

Which of the following is equal to E[Y — f;(x)]?

_ Y- E[El] = B

j__.r'r'l f.‘lm‘ 7’

() £t

)

Oo
© The negative of model bias - E % 4 E @
(O Model bias }1 ) !
(O Model bias squared _'f_ll"f"' I 4 O
(O Model variance X }/GQ
b
1
| _ _ o) —>aka opinal  Bages el

2 points| Consider the error decomposition for a least squares regression model 8 ( (\ > m

E:y,0[(h(z; D) — y)*] = Eqz,p[(h(z; D) — h(2))?] + Ez[(h(z) — 4(2))?] + Ezy[(#H(z) — )?] > phd vahiott

e » - e e T ———— - v - —
Variance Bias? Noise '6 ) _%{U’\ h M
ey . _— o C > g pothems

where h(z; D) is a model learned over a training sample D, h(z) = Ep._pn[(h(z; D)] is the ){ ) D
average model, and y(z) = E,|,[y] is the optimal Bayes model. Which of the following best
describes the term labeled variance?

"Lfgj On average, how much your learned model differs from average model across different \ H

samples D N

(b) How far is the average model from optimal Bayes model

(c) The variance between predictions for a fixed sample D

(d) How accurate the model is in predicting y

3 pts| How does the bias-variance decomposition of a ridge regression estimator compare with that of ordinary than a

least squares regression? (Select one.)
[J Ridge has larger bias, larger variance [0 Ridge has smaller bias, larger variance
el

m’/Ridge has larger bias, smaller variance [J Ridge has smaller bias, smaller variance

3 pts| In terms of the bias-variance decomposition, a 1-nearest neighbor classifier has
J-nearest neighbor classifier.

/higher variance L] higher bias

[J lower variance L} lower bias
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Objects in the picture (for a fixed x)
« f*(z) =Ely | x] (™ red point)
. f(:r:, D) for many datasets D (® green points)
« p(z) =Ep [f(:r:; D)| (® blue point)
Arrows:
« Biasarrow: f*(z) < pu(z)
. Variance arrows: f(z; D) < u(z)

Decomposition at a fixed =
Start from the test squared error and insert and subtract ,u,(:r:):

Epy[y— f)? 2] =Epy[ly—F*+ 5 —n+np—f)7?|=]
=E[(y - £*)? | 2] + (u(z) - f*(2))’ + Ep[(f(z; D) — p(=))’].

-

M
i =

noise at bias? at variance a tx

Why cross-terms vanish:
« E[y — f* | z] = 0 by definition of f*.
« Ep [f — u | z] = 0 by definition of .

« The remaining two are independent of y vs. I), so mixed expectations are zero.

Interpretation vs. the picture:
is the squared length of the purple “bias” arrow (red .. blue).
« Ep [( f — ,u)z] is the average squared length of grey variance arrows (green - blue).
« E[(y-— f*)2 | 2] = o? (z) is irreducible noise (not drawn).
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Logistic Regression

Let w; represent w
after the i-th iteration of learning.

We are given that wy = (0,0, 0).

s

wi = wo + y1Xx1
= (0,0,0) + (+1) - (0,0,1)
= (0,0,1)

W2 = W1 + Yax2
=(0,0,1) + (-1) -(0, 1, 1)
(

W3 = W2 + y3X3
= (0,-1,0) + (-1) (1,0, 1)
=11 1)

z2>0
z<0

— ]‘
=1h

Heaviside step
function

(yiwd z, = 0)

(yowi T2 = -1

(y3w3 x3 = 0)

Run the perceptron algorithm (with offset) on the following dataset where points are given
in the form (z¥, y(¥)), showing the first iteration through the whole data set. Initialize 6
to (0,0) and 6 to 0. Iterate through the points in the order given. Show each step of the

algorithm.
(-1, 2), -1), ((0, 3), —-1), ((2, 4), 1), ((4, 4), 1)

4\

6, = Wo

Lg;;.-— Wo Wt W Ka.

G = @VI Wﬂ
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datapoint x datapoint y | mistake? | new ¢ new 6 y pdﬂﬁﬂ-w T )
- . I,
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(2, 4) +1 fes ED 2 4
(4, 4) | +1 Ny Eg} 31 7

We are given a dataset D, of points in 2D: z € R? and their corresponding labels y €

{+1,—1}. Consider the following two scenarios:

5
[

initialized to 0.

model, @', initialized to (0,0,0).

We run the perceptron algorithm (with offset) on z, with @ initialized to (0,0) and 6y

We construct a 3D dataset z’ from = by concatenating a 1 to each z: z’ = [z 1]7.
We run the perceptron algorithm (without offset) on 2’ with the parameters for this

Assuming we iterate through the points in the same order, when we actually run these

algorithms, will they make the same number of mistakes?

CRACEEOR\L



Consider the following binary classification dataset, where circles denote the positive class and squares the

negative class:

(a) Which (if any) of the decision boundaries could be returned by perceptron (with a bias parameter) after

training until convergence on this dataset” Mark all that apply. P‘;B; C_

(b) Which (if any) of the decision boundaries could be returned after optimizing the hard SVM objective

(with a bias parameter) on this dataset? Mark all that apply. 6
T
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Which of the following is/are true about the Perceptron classifier?

(a) It can learn a OR function

(b) It can learn a XOR function

(¢) The obtained separating hyperplane depends on the order in which the points are pre-
sented in the training process.

(d) For a linearly separable problem, there exists some initialization of the weights which
might lead to non-convergent cases.
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Consider a binary classification problem. Suppose 1 have trained a model on a linearly separable
training set, and now I get a new labeled data point which is correctly classified by the model, and far
away from the decision boundary. If I now add this new point to my earlier training set and re-train,
in which cases is the learnt decision boundary likely to change?

(a)
(E) &) >
e

When my model is a perceptron.
When my model is logistic regression.

(c) When my model is an SVM.

: - : ) ' times misclassified
Figure 4 shows a training set in R?. Suppose flg E‘ f 1 — mlbDL il
that we use perceptron algorithm for classifi- 11 | +1 0
cation. We record the total number of times 1211 -1 9 /
each point occurs in the update step. Remem- 9 | 9 | _1 1
ber that if a point is misclassified, then it oc- 1 | =11 =1 0

curs in the update step.

Figure 4: Training Data
(3 points) Assume that the initial weight is w(® = [-3,2,1] where 1 is the
offset term. So the feature x5 = 1 is constant.
What is the equation of the separating line expressed in terms of z; and z,
determined by the algorithm 7

Find the range of decision boundary given by Perceptron.

L4 | "’... L1 1 1 .. L1 1 1 1 1 1 1 1-
X!
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(3 pts] The perceptron algorithm will converge:

) If the data is linearly separable (O As long as you initialize 6 to all 0’s

(O Even if the data is linearly inseparable O Always

We ran the perceptron algorithm, with offset, on the following dataset and recorded the
number of mistakes we made for each point. Without running the algorithm, what is the
final value of 6,7

i 1 2 3 4 5
) (-4,3) | (-2,2) | (-2,0) | (1,3) | (2, 0)
yl) 1 -1 2 2l E
# mistakes | 2 3 2 1 0
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Pﬂﬂf@Pm @nueﬂﬁmw pﬂmé/ Proof of the Lower Bound
We want to show that the number of mistakes made by the perceptron Let w™* be the optimal solution, assuming the data is linearly separable.
: : SR —— Thus, w* exists.
algorithm is bounded. i ke Define - .
: T, * ==
Let t be the number of iterations. We aim to prove: Ry T (jl %
R2 We want to show: . o
,-YQ ” t+1” :{ 2
where R and v are defined parameters. Ej,,‘ e . =
To prove this, we will establish lower and upper bounds on ||we41]|.
1. Lower bound: [|wess|]? > 1242 & Cetch
2. Upper bound:  ||wes1]|? < tR? /
PP w1 " < Pl T vy T + + 15
z (o) W= (w9 (W
5 292 < wen|? < tR? -

= t< ﬁ—j L — (W*)T'Wf'* 5{@;}*5 X T

Proof of the Upper Bound

- Ty )X+
Define R = max;j=1....n ||x,|'\//’* ::[W Vg %j &\/ﬂ N :d/ - «YQA_
V) 0
oD = [l + y O] &v*)rw’“' — @v*)fwo sl (W Ty

= [|w®]12 + ||x®]2 + 2y (w ()T x(®)
< ||lw®|? + R?

Wil < T

}/ WIJ?/ XA = 5 ) _ (E’L{
*Qa jnouth! //W#I[/a =2 ))Wt // al ;;
- MW{;’H“ = t q//gz..-
= ©

5 A< B > g i i VUL = nss g 1
v | it
p —> diskae § digh & & e et = _= 4,;:1;4@‘
& @3 V=
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1. 2 _ 26
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The Perceptron Convergence Theorem states that the upper bound on the
number of mistakes is:
(3)
Y

where R is the maximum distance from the origin to a point in the data
set, and =y is the minimum distance from a valid separator to a point in the
data set.



Example: ’E < 2 = s
= N T peofP
8| i
\
Find out the upper bound 6
on number of mistakes.
al
R~ 10, vy~ 0.2.
21
+
¥,
ol | . ! .
0 2 4 6 8
(17 points) Alice plans to apply the Perceptron algorithm to solve a classification problem on ,\1 l Q 57 .
T

the data set shown in the figure below. For this problem, we will only consider linear separators
that pass through the origin.

1
AR (R Lo 2
2 g - .-T
| N 5 1= Pl = mit WA
| ¢ ‘\\ + HW
i | N \\\ //JTI‘*‘IZ:
-9 \ i
= \.\\ W’T)( - D
W=

-4 -3 -2-10 1
I

What is the theoretical upper bound on the number of steps for the Perceptron algorithm

g(s
[2 pts.] Consider two datasets D and D® where DV = {(z\",y{"), ..., (=", i)}
and D? = {(:5{12), y}z}), - (mg},yﬁ?})} such that .?:EU € R% :1:,@ € R%. Suppose d; > ds
and n > m. Then the maximum number of mistakes a perceptron algorithm will make
is higher on dataset D!) than on dataset D®).
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Given 3 data points in 2-d space, (1,1), (2,2) and (3, 3), / 6) ul.- __S___ / T}

(a) (1 pt) what is the first principle component?

(b) (1 pt) If we want to project the original data points into 1-d space by principle component ﬂj}-@" ( "\'“{#’; f @\

you choose, what is the variance of the projected data?

AR AN >
(¢) (1 pt) For the projected data in (b), now if we represent them in the original 2-d space, V = ‘"g | 2 3

what is the reconstruction error?
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[4 pts] Select the correct statements about principal component analysis (PCA).

EQ_?,/A: PCA is a method of dimensionality reduction

({ B: If we select only one direction (a one-dimensional subspace) to represent the data, the sample variance of the
projected points is zero if and only if the original sample points are all identical

\d C: The orthogonal projection of a point x onto a unit direction vector w is (x' w)w

O D: If we select only one direction (a one-dimensional subspace) to represent the data, PCA chooses the eigen-
vector of the sample covaniance matrix that corresponds to the least eigenvalue

[4 pts] Consider a centered design matrix X € R™“ where X; € R? is the i-th sample point (a column vector) and Mﬁl\d“""isﬂ-’
X is the i-th row of X. Which of these optimization problems is a correct formulation of finding the first principal _'_,_L—
component v? N o
/
& A: Subject to [v|lz = 1, find v € R that minimizes O C: Subject to |Ivil, = 1, find v € R that maximizes AT j/bL
oy K = w7 Xl E i X = WXl . |l = W XY
Matifwice N
;T YT & TyT ’ !l:
O B: Find v € R that minimizes - |‘|X||’XP O’ D: Find v & R that maximizes J; |;n
vil5 -

LT x|V = VSV
[

1l = Xi X"T \ =V T"T 1= . |
Vs e Vedlst , then SV AV Faee T
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Linear regression or PCA? Linear regression or PCA?
. D Q. Ve
Question: T/F we chasse &JM %

(ovsone_  Waltix Ky
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(2 points) True or False: In PCA, we project the mean-centered data matrix X to [ __m[,{_; 2

a lower dimensional space by choosing the eigenvectors of X corresponding to the
largest eigenvalues. = m a WM
, N | I = |3, 2
Consider the following design matrix, representing four sample points X; € R*.
—
4 ‘ - ‘
O y ==
15 4l
% Ledied. _ \
We want to represent the data in only one dimension, so we t:I Em'p:‘mcipal components analysis (PCA). a 2,
[5 pts] Compute the unit-length principal component directions of X, and state which one the PCA algorithm would 2’
choose if you request just one principal component. Please provide an exact answer, without approximation. - - a,
/-'
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Suppose PCA is used to reduced
the dimension to 1.

What will be the reconstruction
error?

Consider the following data set, represented as three points in R*. Note: in this problem we will not demean the
dataset. Perform all calculations as if the dataset were 0 mean. UU\

[
= L2 ’X - i AN
[f‘; ] sk Lomfrest Eﬁs E
6 2
(a) What is the first principal component vector, v,? Wd\ mwrm)f’ = Q o 125 D VH,DJIM

ool

—

(b) What is the second principal component, v,?

(c) If we use only the first principal component to compress the dataset, what will the representation of each
point be?

(d) Will this representation be lossy, or perfectly preserve the data?



L |
Consider 3 data points in the 2-d space: (-1, -1), (0,0), (l.l}._ //; M‘ = ﬁ #@)X
)

[6 points] What is the first principal component (write down the actual vector)?

[7 points| If we project the original data points into the 1-d subspace by the principal component you _ l &],\— &) = 1{!;5____
choose, what are their coordinates in the 1-d subspace? And what is the variance of the projected data? \> \[1 \f& \I&M# --%' —_—

[6 points] For the projected data you just obtained above, now if we represent them in the original 2-d \{ s D
space and consider them as the reconstruction of the original data points, what is the reconstruction error? o =

L@O) V2 = B

Answer the same questions for the following, slightly larger dataset:

i -4

6 —6 /

> 2 Xa = [&0)
(a) What is the first principal component vector, 0 ? i;- - E 0 @@—1

(b) What is the second principal component, v,? \ T LOJ - )”[{\)3

(c) If we use only the first principal component to compress the dataset, what will the representation of each —

point be? ){5’ = ; ﬁ;plg\/ﬂ/:]

(d) Will this representation be lossy, or perfectly preserve the data? \ZE — JQ Q@/ (Eﬂ
L

\z NO

\ ot adw%3 U

LUTILIVI .

Consider n feature vectors & € R that need to be projected into a lower-dimensional space R*
using k principal component basis vectors. The projection matrix W of size d x k consists of

these orthonormal principal component vectors.

Which of the following expressions correctly represents the reconstruction error?

1. A || ww"'mlz v \l\ﬁ S A
il
| Y

o
4. D. a:—W;nllg 1 /.49 K&}

2

2. B. |l —W'a
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Suppose a d-dimensional dataset is reduced to R? with PCA. Suppose the covariance matrix of the new

dataset is l'il“lllllll‘ll- Which of the below could Illl"\"\i}li\ be this covariance matrix”
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Now 1 ihwe  (ancidtd  daka Makiy \ . fen N PCA

Suppose the singular values of a centered design matrix X are 1, 2, and 3. Find the percentage of
. ‘ L s
the total variance captured by the first principal component.

Let X be a matrix containing data samples as columns, and suppose X is centered such that

each feature has a mean of zero. Which of the statements are TRUE?

A: The principal components are eigenvectors of the centered data matrix. 7«

B: The principal components are left singular vectors of the centered data matrix. [/

C: The principal components are eigenvectors of the sample covariance matrix. ‘/

D: The principal components are left singular vectors of the sample covariance matrix. \/
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6‘3‘ Problem: Consider a binary distribution (p,1 — p) where 0 < p < 1.

What is the entropy of the distribution (0.5,0.5)7 _ o &L\ L \O%QE\
T ° S0 2
(A) O (C) 0.6 AN
(B) 0.4 (D) 1.~

mask cape tie ears smokes | class _ ﬂd‘ .
'.ij:lr‘ ng data - B\kﬂ"\}ﬁ-c’b ngkO[C:QS _____—:->k{€5_. - W
| batman yes yes no  yes no Good
2 robin yes yé&s Nno  no no Good
3 alfred no no yes no no Good g wekes — l 196 |+
Y penguin no no ves no Ves 5ad
§ Ccatwoman yes no no vyes no t5ad )48 Nﬂ = M
( joker no no no no no Bad
P L33,




CD Which of the following distribution has highest or lowest entropy ?

Q;ﬁ?c—'

|||‘||.\ LLLLLL
c\oge_ &v C\M"""ﬂf/tjﬂ,

agaeal Pt

A\
The top (root) node of a decision tree for this dataset has an entropy of 1
p (root) py 0 /FOE) Node —= Sees all  exayplis
- 7
Ty | T2 | Y e;mm‘\lﬂ_x"" yARNE I
1 3.0
1 | 4 |1
2110
4 | 3|1 Jes ND
. Zﬂ—g — '
(,3 —>0
\jip —> |
2l —>0
_ \ a@) = |
_ - [_ \ _L— -—-'__\;__ (3 —_
e
Below we give the design matrix X and response vector y for the training set of a binary classification i -"__L, \03 3 ‘5 Dﬂi
problem with real-valued features: ) . = {9
4 |
\6 6 0
|
A=Y 2 Y= o
7 3 |
5 4 u

(2 points) For the data given above, what is the entropy at the root node of the tree before any
splitting has occurred?

( i —
[1 Point] True or False? *’,é.- ID? 2&5‘5 l «a" \53'9(93 k

The distribution /
1 |

N P(A) - 5’ P(B) = 2

has higher entropy than the distribution ] k ;L\D L@ _ t I Z@)
N e b
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Which attribute (Age, Salary, Marital Status) should be placed at the top of the decision tree?

Justify your choice using entropy.
Age Salary | Marital Status Car Type | @ Aae/

Car Type is the target attribute. gg: Mﬁ:im | g::g:: S;?;tis
40s = Medium Married Van @ g
40s High Single Luxury
60s High Married Luxury - )
30s High Single Sports @ Mﬁ/h M’ &w
50s | Medium Married Van
50s | Medium | Single Sports
60s Low Married Mini

70s | High | ingle Luxury . . — 7&#’53
“ Wik g n(i)e o) = 0TS

N wiged (i) 119 = L2

o

70s

205 [ F high, single, luxury
A, ‘ low, single, mini ‘f . age N ' ]
20 60s ——>
N _.Ff--- : 40s.” 505 high, married, luxury
) —— ' E. low, married, mini
medium, single, sports y . 3 g Skt ]
B. high, single, sports medium, married, van medium, married, van
C. high, single, luxury D. medium, single, sports
A. Entropy(1,0)=0 D. Entropy(1/2,1/2)=1

B. Entropy(2/2,0)=0 E. Entropy(1/2,1/2)=1 2l %‘M‘@‘
%Q, < 0\{1’01(\% Putumwm - WAGER

C. Entropy(1/2,1/2)=1 F. Entropy(1,0)=0

Average entropy: 0.2*1+0.2%*1+0.2*1=0.60
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Question: What is the conditional entropy of Y given X, i.e., H(Y | X1)? !

1

X;[ol0o[1]1 A. 0
X |0]1]0]1 3-3-25
AMEIRIESL D. 0.75

Use the following logarithm values: Use this Formula:
> log,0.25 = -2 > log,1=0

> log05=-1  »log2=1" yy ) x)= P(X = 0)xH(Y | X1 = 0)+P(X = 1)xH(Y | X = 1)

> log,0.75 = —0.4 > log,4 =2
Convention: 0Olog,0 = 0

\
‘4-’-’-‘-'1; \ U=, <
=0, | 4=0, O

Problem 4 Consider the following set of training examples:

. Instance Classification X, X,
| + T T
p. + T T
2 ! | F
4 F F
5 F T
6 F F

A. (3 points) What is the entropy of this collection of training examples with respect to the
target function classification? Please write down necessary steps.

o - 93 - Lo . &
H(Y) = 319% - 9%
B. (3 points) What is the information gain of X, relative to these training examples? Please
write down necessary steps.

HEY) = H(YD%)

Dyns_ g

Suppose we:

Randomly pick a datapoint in our dataset, then
Randomly classify it according to the class .
distribution in the dataset. 2

For our dataset, we'd classify it as blue 5/10 of '
the time and as green 5/10 of the time, since
we have 5 datapoints of each color.

What's the probability we classify the
datapoint incorrectly? The answer to that o

question is the Gini Impurity. -
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A decision tree is trained on the following 2D dataset,"where (x; 1, x; 2, t;)

represents the features and the class label:
p t tures t > ?@,) ZP
(-2,2,0),(2,1,0),(7,-1,0),(9,-7,0),(0,-6,1),(5,-2,1),(8,-5,1) [
pl1=0)= 217

(a) Calculate the Gini index at the root node (without split).
(b) Calculate the weighted average Gini impurity after splitting the root 9
node on x» < — 1.5.
/é \ e
C_Q; Q ) D)




@ 3. Decision trees. Consider the following dataset with input z € R* and y € {0,1}. Both 1 b @ > @ M>
z; and y are binary random variables. H / \ \i
Xy X2 X3 Y v

0 0 0 0 ?;,. 22 f,_;[:! p 2
0 0 1 1 g - P
0 1 0 1 5\’.115* W hl = /g

| ] 1 0 &,\1-;.3, B Nhl ]/3_

You will use Gint indexr as the impurity measure to construct a decision tree. _ l
(a) Compute the weighted average of node impurities when splitting on each of the wﬁx']’, = },Lk 'Z}
three features. Note that for each feature, since the value is binary, there is only e\

one way to split. Your final answer should be a real number.
1. (2 points) Split on x; w-hT = 1/3,

ii. (2 points) Split on z-
iii. (2 points) Split on x4

(b) (3 points) Draw the full decision tree and write the prediction for each leaf node.

You can split ties arbitrarily.
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—xlog,(x) — (1 - x) log,(1 - x) %Wﬂ\”br
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DecisiOnN  GREE WITH

CONTINOVS VRALVED FEATUVRES

Infinite possible
values of t

\ Income =t

X

Same classification error for any
threshold split between v, and vg

~

Income < t’ : Income >= t’ ‘
{ : Safe O
I |
i Safe O I Risky O
N Risky O Income Va | Ve
Income y o--O0—0 00000 O0— O O0—O04+ 0 00—
—Oo0 0000 OO0 O O—0O0—"0O00—— S10K ' $120K
S10K [ = $120K

[l
"
-

@eed to consider mi%

Finite number of
splits to consider
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Method 1: Pre pruning

Stop splitting the nodes if the number of sam-
ples is too small to make reliable decisions.

Stop if the proportion of samples from a single class (node
purity) is larger than a given threshold (Forward Pruning).

Method 2: Post-pruning

Allow the tree to overfit and then prune it afterward.

Use estimation of errors and tree size to
decide which subtree should be pruned.
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In decision trees when used for regression, what is the criteria we use,
reducing mean square error or reducing sum of squared errors

Excellent question &

In regression trees, the splitting criterion is based on reducing the variance of the target values — which can

be expressed equivalently in two ways:

« Sum of Squared Errors (SSE)
« Mean Squared Error (MSE)

Let's break it down clearly ®

—> Woghed. MSE & e child = MSE of patent” — Vdietce,
wld Padt?”
—> 2@9;‘%5 | \_;._ﬁ MS&%FM,\/D_%W

# Criterion used Wl " =

At each split, the algorithm chooses the feature and threshold that minimizes the impurity, measured as:

. 1 -
Impurity(S) = S| E (s — Js)®
i€S

This is the Mean Squared Error (MSE) within the node.

When computing the total impurity before and after a split, the algorithm multiplies each child node’'s MSE

by its size — effectively using Sum of Squared Errors (SSE) to compare splits.

¢ In practice (what the algorithm does)

In implementations like CART (Classification and Regression Trees):

Split criterion = SSE arent — (SSEjest + SSEright)

where

SSEnode o Z (yz = 'gnclrde:)2

1enode

So although you may conceptually think of minimizing MSE (variance), the actual computation uses SSE
because it avoids dividing by the sample count (which cancels out when comparing splits anyway).

¥ Summary:

« Conceptually: decision trees for regression aim to minimize MSE (variance).
« Computationally: they compare splits using reduction in SSE, since it's proportional to MSE and simpler

to compute.

So, both are correct — but SSE is the actual quantity minimized.



Suppose instead of minimising SSE, the algorithm minimised rhe sum
of MSE. What would be the effect

Excellent — this is a subtle but very insightful question. Let’s unpack it carefully. ®

¢ Recall what happens normally:

In standard regression trees (like CART):

We minimize the total Sum of Squared Errors (SSE) across the child nodes after a split:

Criterion = SSEjegt + SSEqight

where

SSEnode = Y , (¥ — Jaode)’

1Enode

This means larger nodes (with more samples) naturally have more influence on the split decision — as they

should, since they represent more of the data.

¢ Now suppose we minimize sum of MSE instead.:

That is,
Criterion = MSEjer; + MSEqight
where
|
MSEnode —_— SSEnode
Mnode

¢ What changes conceptually?

This version ignores the size of the child nodes — it treats both left and right nodes equally, no matter how

many samples each one contains.

¢ Example

Imagine a split that produces:

« Left node: 100 samples, MSE = 4
» Right node: 2 samples, MSE = 0.1

e |f we minimize sum of SSE:;

100 x 44+ 2 x 0.1 = 400.2

e |f we minimize sum of MSE:

4+0.1=4.1

So under the MSE-sum rule, the algorithm might overvalue the small node’s tiny error, even though it barely

affects total performance.



So under the MSE-sum rule, the algorithm might overvalue the small node’s tiny error, even though it barely

affects total performance.

¢ Effect on the resulting tree

If you minimize the sum of MSEs (unweighted) instead of the sum of SSEs (weighted):

1. A\ Splits become biased toward tiny nodes

The algorithm will favor splits that produce small “pure” nodes even if they contain very few samples.
2. ™ Tree becomes overly deep and fragmented

Because small nodes can have small MSEs, it keeps splitting to isolate tiny subsets.
3. @ Worse generalization / more overfitting

The model fits noise instead of real structure.

Summary

Criterion Weighting by Node Size? Behavior Result

Sum of SSE ¥ Yes Balanced — large nodes have more Standard CART behavior
influence

Sum of MSE > No Overemphasizes small nodes Overfitting, unstable splits

In short:

Minimizing the sum of MSEs instead of sum of SSEs would cause the tree to favor splits that create very
small, low-error leaves — leading to overfitting and instability.

0 6 @ & O

Is this related to K means and K means loss. In Kmeans. The algorithm
aims to minimise the sum of squared distance rather than Mean of

squared distance in each cluster. Is the same reason as above
applicable as to why we don't minimise mean of squared distance.

" Yes — you've spotted a deep and absolutely correct connection.
The reason K-Means minimizes the sum of squared distances (SSD or SSE) rather than the mean of squared

distances (MSE) is exactly the same logic as in regression trees.

Let’s unpack that carefully. ®



¢ K-Means objective

K-Means minimizes:

K

J=3 ) llzi— ml?

kzl iL'IfECk

This is the sum of squared distances of all points to their cluster centroids (SSE).

¢ Why not minimize the mean per cluster?

You could imagine an alternative:

K
1
> Gl > llzi — e
k=1 : z;€Cy

That’s the sum of mean squared distances across clusters.

¢ What's the difference?

Just like in regression trees:

« The standard K-Means objective (SSE) weights each cluster by its size — clusters with more points

have proportionally more influence on the total error.

« The alternative (sum of MSEs) would treat all clusters equally, regardless of how many points each

cluster contains.

¢ What would happen if we minimized the sum of MSEs instead?

1. Bias toward small clusters:
The algorithm could make one very small cluster with a perfect centroid (near-zero error), since that

small cluster counts equally to a large one.
2. Unstable / imbalanced clusters:

You might end up with many tiny, very pure clusters and a few huge, impure ones — exactly the same
‘over-splitting” problem seen in regression trees when minimizing sum of MSEs.

3. Loses probabilistic interpretation:
The K-Means objective is equivalent to maximum likelihood under a spherical Gaussian mixture with

equal variances — this correspondence breaks if you divide by cluster size.

¥ Summary
Weighted by
Algorithm Standard Criterion Cluster/Node Size? If we use mean instead Effect
Regression Tree Sum of Squared Errors ¥ Yes Sum of MSEs Overfitting small nodes
(SSE)
K-Means Sum of Squared ¥ Yes Sum of Mean Squared Bias toward small

Distances (SSE) Distances clusters
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Ear Shape Face Shape Whiskers IWEight
Question: |
1  Pointy Round Present 7.2
2  Floppy Not Round Present 8.8
3 Pointy , Not Round Present 9.2

Consider this dataset and find
out best attribute to split on at 4 Pointy Round Present 8.4
the root node based on

A i 5 Pointy Round Absent 76
variance reduction method.
6 Pointy Round Absent 10.2
7  Floppy Round Absent 15.0
8 Floppy Round Absent 1.0
9 Floppy Round Absent 18.0
10 Floppy Round Absent 20.0

Variance at root Vanance at root Variance at root
node: 20.51 node: 20.51 node: 20.51
|

Ty wew T gy 8 L9

LY B TNY .

Weights: 7.2, Weights: 8.8, 15, Weights: 7.2, 15, Weights: 8.8,9.2,11 Weights: 7.2, 8.8, Weights: 15, 7.6,
9.?3,:,?.5, 10.2 1ms,szn 8.4, 7.6,10.2, 18, 20 22 9.2, 8.4 11,10.2, 18, 20
v—a:ance: 1.47 Variance: 21.87 Variance: 27.80 Variance: 1.37 Variance: 0.75 Variance: 23.32
i left _ 7 right _ 3 left _ right _
wieft _ 5/10 whight _ 5/10 wiet =7/, o whight _ /10 wieft - 4/10 whight _ 6/10
4 6
5 5 (? 3 ) 2051 - —-n7s+—-2332)
= e b — 2051 = |—+= 2780 + —+ 137 . .
2051 ~ (5+1.47 + 55+ 21.87) h o (o 10
= 8.84 = (.64 = 622
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I ﬂ Machine Learning: (1) Supervised Learning: regression and classification problems, simple linear
regression, multiple linear regression, ridge regression, logistic regression, k-nearest neighbour,
naive Bayes classifier, linear discriminant analysis, support vector machine, decision trees, bias-
variance trade-off, cross-validation methods such as leave-one-out (LOO) cross-validation, k-folds
cross-validation, multi-layer perceptron, feed-forward neural network; (11) Unsupervised Learning:
clustering algonthms, k-means/k-medoid, hierarchical clustering, top-down, bottom-up: single-

linkage, multiple-linkage Jdimensionality reduction, principal component analysis.

o 1. Partition-based Clustering

+ Idea: Divide the dataset into a fixed number of non-overlapping clusters.

« Assumption: Each point belongs to exactly one cluster.

GENERAL CATEGORIES L e
of CLUSTERING DATA » K-Means: Minimizes within-cluster variance (distance from centroid).
» K-Medoids (PAM): Uses actual data points as cluster centers (more robust to
outliers).
« CLARANS: Efficient version of K-Medoids for large datasets.

ap s « Best for: Spherical, well-separated clusters.
ierarchical Partitional

(linkage based

# 2. Hierarchical Clustering
« Idea: Build a hierarchy (tree/dendrogram) of clusters either by merging or splitting.

- -y - L] T :
Exclusive Probabilistic ypes

« Agglomerative: Start with individual points and merge clusters step by step

Agglomerative

« K-mean

ey « K-medoid
Divisive + Divisive: Start with all points in one cluster and split them recursively (top-down).

(bottom-up).

« Linkage Criteria: Single-link, complete-link, average-link, Ward's method.

« Example: Hierarchical Agglomerative Clustering (HAC).

« Best for: Discovering nested cluster structure.

@ 4. Model-based Clustering

« Idea: Assumes data is generated from a mixture of underlying probability
distributions.
« Examples:
« Gaussian Mixture Models (GMM): Uses EM (Expectation-Maximization) to
estimate parameters.

+ Hidden Markov Models (HMM): Sequential model-based clustering.

N2

» Best for: Soft clustering (points have pr | 3bilities of belonging to each cluster).

K Wemns R N Ty P
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K-means algorithm N the  closeness b Yo conloidf
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* Given k, the k-means algorithm works as follows:

1. Choose k (random)data points (seeds) to be the initial
centroids, cluster centers

2. Assign each data point to the closest centroid

3. Re-compute the centroids using the current cluster
memberships

4. |If a convergence criterion is not met, repeat steps 2 and 3

= Based on the following two steps (applied in‘alternating fashion until not converged)

® e
b e
1. Assign each input to theé current closest mean
0_.;’".'. p V
./] "._—.
]

2. Recompute (update) the means e

L
. o _©®
e © '.




22.[4] You want to cluster 7 points into 3 clusters using the k-Means Clustering
algorithm. Suppose after the first iteration, clusters C,, C;and Cs contain the
following two-dimensional points:

C1 contains the 2 points: {(0,6), (6,0)}
C2 contains the 3 points: {(2,2), (4.4), (6,6)}
Cs contains the 2 points: {(§,5), (7,7)}
What are the cluster centers computed for these 3 clusters?

'/AT C:: (3,3), Cz: (4,4); Cs: (6.,6)
B. Ci:(3,3), Cx16.6), Ca: (12,12)
C. Ci:(6,6),'Cz: (12,12), Cx: (12,12)
D. Cy:(0,0), Co: (48,48), Cs: (35,35)

HPTIMISATION  VIEW OF ] VSTERIVG:

K-means clustering problem:

Partition the n observations into K sets (K<n)S={S,, S,, ..., S}

such that the sets minimize the within-cluster sum of squafesz
K
argmin » Y |Ix e,
H e —

1=1Xx

where u; is the mean of points in set S,;.

Question:
Amazing, Inc. plans to open 6 | | —
k = 2 stores in Megacity and has M -
n = 4 customers located at
positions x() as shown by circles 2/ o

T2
]

in the plot below. The initial

guesses for the store locations o1 . é W Laﬂ“'ﬂ)%
(1Y) are marked by triangles in —9 b

R ek 6 -4-20 2 4 6 [p¢s  —

The loss function to minimize is:

n 2

L(p) = Z min H;r[” — p'

ror- Je{l... .k}

A ) What is the starting loss L (j)?

b What is e final Lo oftR iR

Jo

2
\Q—HQ—\-\ 41 = 15/

Question: 9

Recall the k-means objective function is
2

L (z1:n, p1:k) = Z ”:rm - Pz,

i=1

]
I

where z;.,, are the cluster assignments, ., are the corresponding cluster centroids, and z'*) is

the i-th input datapoint. Now-consider the following dataset consisting of three datapoints in

a 2-D plane: {(0,3), (0,0);(4,0)}.

(a) (6 points) Suppose you run k-means with kK = 2 and have the initial cluster centers be
p1 = (4;0) and pz = (0,3). What will be the final cluster centers when k-means converges?
Show your work and explain how you know that k-means has converged. Jﬁ’

(b) (6 points) Prove that the above initialization converges to the global minimum for k = 2.
(Hint: Enumerate over all possible cluster assignments and compute the objective for each

assignment. )
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Recall the loss function for k-means clustttri,ng_.ﬁﬁ"ﬂi k clusters, sample points xy, ..., r,, and centers pu,,..., pux: ,
‘ k Lhoﬂgf, ,{,\USEQ}; whal Wwe- Mf’d-"“!e F‘j
L=)_ Y llai—ul?
j=1=z,ES5;
where S5; refers to the set of data points that are closer to p; than to any other cluster mean. :% AL — % & (. p/’- -.[ — K-’.
- .
(1) [4 pts] Instead of updating u; by computing the mean, let’s minimize L with batch gradient descent while &HJ ’)uésg‘l
holding the sets S, fixed. Derive the update formula for x, with learning rate (step size) e. ~
S ity 0.t oNn
M
(2) [2 pts] Derive the update formula for u; with stochastic gradient descent on a single sample point z;. Use aL- N
learning rate e. — =D
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b ‘S}PLDN&SM& VP&M MWIZE 0
fﬂéf—flﬁ%("i"/”s f ues W&aﬂaﬂp

%j}lﬂféﬁf ({9/ W& ol Lassrot) K-means S_‘qlufinn

A proposal: Minimise the distortion function, i.e., the sum of the squared

0 < ” 9 e distances of each data point to.its closest vector pu.
a“k Zl ; nk||[Tn — H “2 R Pl N K
n— jo = v
I3 3 W
N _. o\ n=1 k=) 1
=) 2 Z Trl-k(l_{'_k_ *Zn)= 0 1..Given K, randomly select pup—; .. x ? Tp T
n=1 ' 2. Minimise J with respect to r,,, keeping the p; fixed. 4‘ *, &My

3. Minimise J with respect to pu;, keeping the r,; fixed.
4. Repeat steps 2 (Expectation) and 3 (Maximisation) steps until convergence

N
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K-means Solution

K

N 1
J = Z Z rﬂ-k“xlt — Pk “2
n=1 k=1

Step 2: Minimise .J with respect to ¥}, keeping the ;. fixed.
J is a linear function of r,g0 Also terms with n are independent.

Simply, .« = 1 for the closest cluster k, i.e. whichever k that gives the smallest
value of ||x,, — pi|l?.

K-means Solution

N K
J=) ) ralxn — pl?

n=1 k=1

Step 3: Minimise .J with respect to p, keeping the r,. fixed.

J is a quadratic function of p; andcan be minimised by setting its derivative

: rod
with respect to u, to zero, that is 77 = ().
k

N i 9 N
ﬂ _ 62:_1 Zr—l Tr:kan oy “L‘.H“ . ZT L X (_]}

X 2(Kr: _ ;U'ﬁ.} =0

5;‘“‘ 5”1 n=1
1 if k=arg min; ||x, — p;l|* N N ,
Pk = g 7 || n FJH S OP"""E n I'nkXn
0 otherwise. [ = E :""kx” - E :r"*‘”*‘ =0 - .= Pk
e n=1 n=1 i
e Standard k-means algorithm
+“Initialize cluster means arbitrarily (e.g., sample from datapoints)
—~ Alternate until convergence
* Update cluster assignments: 2., < argmin,,_ J(21.,, M%)
- i.e., assign each point to the cluster with closest mean
* Update cluster means: my., + argming,, , J(21.0, M1k )
: 2, Is, ;a
- 1.e., mj = SaF— , the mean of points in cluster j
i ] "W
K-means algorithm always finds the clustering (C,...,Ck) that minimizes the objective:

Minimize E E [z — r;]|° where r; = — E x¢ is the centroid of cluster j

|(".i|'| I'l'_C

R=1T1€C;

. K-means algorithm is only guaranteed to not make the objective worse. So it need not exactly minimize

thm tive..Ib can get stuck in local minima.

\> ,@,L\g,

Which of the following is true about k-means clustering?

(a) k-means diverges and is non-convex.
(b) k-means diverges and is convex.
(¢) k-means converges and is non-convex.

(d) k-means converges and is convex.

* The k-means algorithm is not suitable for discovering
clusters that are not hyper-ellipsoids (or hyper-spheres).

(B): k-means clusters

(A): Two natural clusters

outher

outher
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3, 3). (4, 4), (5, 5). (6, 6), (9, 9), (0, 3), (3. 0)

Given the dataset: (1, i), (3, 3), (4, 4), (5, 5), (6, 6), (9, 9), (0, 3), (3, 0) and
assuming the initial centroids for (K = 3 — means clustering) to be C;

(3,3),C; (5,5) and C, (6, 6). One iteration of the Expectation

Maximization Algorithm for K-means clustering, will update C5 to (

In which ol the following plots are the points clustered by k-means clustering”?

0.19 Fickdean dstance based k-meamns chstening algonthm was nm on a dataset of 100

1] 1
ponts with k 1. If the pomis [l'.unl | _ | are both pant of cluster 3, then which

ONE of the bllowing pomts s necessarlly ako pant of chster 17
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Elbow Method:
First of all, compute the sum of squared error (SSE) for some
values of k (For example 2, 4, 6, 8, etc.). The SSE is defined as
the sum of the squared distance between each member of the ¥ .mi":ﬁ,ﬂ

cluster and its centroid. Mathematically:

e | |. - i

t!?.ﬁf[.!'.:,_]“ - \}7( _r{..; “
If you plot k against the SSE, you will see that the error
decreases as k gets larger; this is because when the number of _

clusters increases, they should be smaller, so distortion is also T iikdetie

smaller. The idea of the elbow method is to choose the k at In this case, k=6 is the value that the Elbow method has
which the SSE decreases abruptly. This produces an "elbow selected.

effect" in the graph

Q (c) [9] Consider performing K-Means Clustering on a one-dimensional dataset containing four data
points: {5, 7, 10, 12} using k = 2, Euclidean distance, andthe initial cluster centers are ¢y = 3.0
and ¢z = 13.0.

(i) [3] What are the initial cluster assignments? (That is, which examples are in cluster ¢,
and which examples are in cluster c;?)

(i) [3] What is the value of distortion for the clusters computed in (i)?

\3 Yows

m——
(i) [3] What are the new cluster centers after making the assignments in (i)?




Question: True/False g[

[2] True or False: A good way to pick the number of clusters, k, used for k-Means clustering is
to try multiple values of k and choose the value that minimizes the distortion measure. . "}5
PD!

Perform k-means clustering on six.points z; = i for i = 1...6 with two clusters. 1 ' , !
Initially the cluster centers are at ¢; = 1,co = 6. Run k-means until convergence. — !r ‘ ‘ I ‘
What is the reduction in distortion? .

\ R = Ll .f'; [ ."55 ,mh
(A) 2 (B)4 (C) 6 (D) 8 (E) none of the above | za
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(A): Undesirable clusters

K-medoids algorithm

In some applications we want each center to be one of the points

itself. This is where /& -medoids.comes in—an algorithm similar to 5 (o outlict
the K-means algorithm, except when fitting the centers ¢,...cy, d/
. Q
)

we restrict our attention to the points themselves

o
(B): Ideal clusters

The mean in k-means clustering is sensitive'to outliers. Since an object with an
extremely high value may substantially distort the distribution of data.

Hence we move to k-medoids.

Instead of taking mean of cluster we take the most centrally located point in
cluster as it's center.

These are called medoids.



\,41 Adducal () %w‘m%

Agglomerative (bottom-up) '—'> S

I'-'-——--,

e Each point starts in its own cluster.
e Repeatedly merge the two most-similar clusters until only‘one remains.

Divisive (top-down)

 ——

e All points start in a single cluster.
e Repeatedly split the data into thestwo most self-similar subsets

use flat clustering to

split into two clusters (e.g., ,//
Lo et }uey\cﬂoﬂm LQL du;f n 2, using K-means witr@gﬂ)

M NS ajg}m&h'w_’.z L[oo((km @ —> Shp whet i qoatht  soma- mkain

Piisive is W}Aj less  Lommet] N —— cime ik Lqﬂlﬂ—g ol dho
Jomosik o vsing et (Juekszin%-

Aoglomesibie Bl s K ek

» Recursively applies 2-means or 2-medoids to a selected cluster.

U\ A (_J(\;LO-Q—’ &\OQWSL‘ \ » Downsides of this approach: —
99\051 Results depend on the initialization of k-means / k-medoids at

each division step due to multiple stationary points.

From K-means to hierarchical clustering

Recall two properties of A -means (/A -medoids) clustering:
—T. It fits exactly K clusters (as specified)

2. Final clustering assignment depepds on the chosen initial

cluster centers
-.._.---'—'-__.

,ﬁ:al%w5 W(ﬂ;n ed.
Given pairwise dissimilarites d;; between data points. (lﬁt U
eed to choose f{)

clustering producés a consistent result, without the n
initial starting positions (number of clusters)

T he catch: we need to choose a way to measure the dissimilarity
between groups, called the linkage

Given the linkage, hierarchical clustering produces a sequence of
clustering assignments. At one end, all points are in their own
cluster, at the other end, all points are in one cluster
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(Clustering) There are five points in one-dimensional space: a=1.5, b=2, ¢=6, d=7, e=9. Perform
Hierarchical Agglomerative Clustering with Single Linkage, with the following extra constraint: at no
time should ¢ and d be in the same cluster. Complete the resulting clustering tree diagram (i.e., the
dendrogram).

VA NS
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e |67

Perform hierarchical clustering with single linkage in one-dimensional space on tl
following points: -5, -1, 0, 3, 9, 11. Draw the clustering tree.

/

a,il
- | | O /
Y
[
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— -571,0,3 9
-Srlio, 5 (@21
_ 2. (Hierarchical Clustering) Consider six points in 2D, some of them overlap. We start with three

(Clustering) There are five points in one-dimensional space: a = 0,b = 1,¢ = 3,d = clusters (rather than from scratch):
7,e = 9. Perform Hierarchical Agglomerative Clustering with nnmEletn linkage. Com-

plete the resulting clustering tree diagram (i.e., the dendrogram). Cluster 1 =(0,0), (1,1), (2,2)

Cluster 2 =(0,1), (1,0)
Cluster 3= (0,0)

With Euclidean distance and complete linkage, which clusters are merged in the next step of
hierarchical clustering?




Consider the pairwise distances between

5 points given as matrix. 12345
1[0
2 (250

Since the matrix is symmetric, we have given only the 36 3 0

lower triangle. 4110 9 7 0
5/9 8 5 40

Find the final Clustering using single linkage.
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).42 | Consder the table below, where the (i, /)" element of the table & the distance
sriormed on data pomis,
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A"

Perform agglomerative Hierarchical Clustering using single linkage as
the cluster distance measure. Draw the associated tree.
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Finding & Clusters
To get k c_lustéré, we “cut” the dendrogram at some height. y-axis shows distance.« Cluster r l 1
| between pairs of clusters  distance |
k = 2 clusters ) m«[ﬂ.ﬂlLL
B"’ie Data points
om e h‘nkﬂ‘?f

L Oye U{',‘na

(/'\l-
o _ Consider the dendrogram:
™ )
l'r‘- — { 0
o~ ) o
i : 7
o [ | l e NE 8 5
= R\ ‘- - o - ? I I
- |7—| . 1 FIl. Ml TO
. —|m \ | A o T
o o
0 [ | | e |3 . S
o o)) 2 AR
S " ‘- | N = , 1 NS g BA NA RM FI Ml TO
"
2 m < I 2] . ‘Using this dendrogram to create 3 clusters, what would the clusters be?
a e
g - = SEE S ;f = A. (BA, NA}, {RM, FI}, {MI, TO)
o w

n ~ B. {NA, RM}, {BA, Fl}, {MI, TO})
C. {BA, NA, RM, Fl}, {MI}, {TO}
D. {BA, NA, RM)}, {Fl}, {MI, TO} vV
E. None of these



